Abstract. In the previous paper, we gave a characterization of backward shift invariant subspaces of the Hardy space over the bidisk on which [S z n , S * w ] = 0 for a positive integer n ≥ 2. In this case, it holds that S z n = cI for some c ∈ C. In this paper, it is proved that if [Sφ, S * w ] = 0 and φ ∈ H ∞ (Γz), then Sφ = cI for some c ∈ C.
Introduction

Let Γ
2 be the 2-dimensional unit torus. We write (z, w) = (e is , e it ) for variables in [2] says that an invariant subspace M of H 2 (Γ z ) has a form M = q(z)H 2 (Γ z ), where q(z) is an inner function. In two variable case, the structure of invariant subspaces of H 2 is extremely complicated, see [3, 10] . Let M be an invariant subspace of H 2 with M ̸ = {0} and M ̸ = H 2 . Then
In this paper, we write
Usually, N is called a backward shift invariant subspace of H 2 . See [1, 9] for studies of backward shift invariant subspaces over the unit circle Γ.
For a function ψ ∈ L ∞ , we denote by R ψ the operator on M defined by 
In [6] , it is proved that [S z , S * w ] = 0 if and only if N has one of the following forms;
for nonconstant one variable inner functions q 1 (z) and q 2 (w). In [7] , it is shown that the condition [S 
where α i ̸ = α j for every i, j with i ̸ = j and α
In [7, Theorem 2.2] , it is proved that (ii) holds if and only if either
. In this case, we have S z n = cI for some c ∈ C.
The purpose of this paper is to generalize the above phenomeron. Let
We prove that
2 holds. In Section 3, we study on the one variable Hardy space
. As applications of these facts, in Section 4 we prove that φ(z) ∈ C + θ(z)H ∞ (Γ z ) and S φ = cI for some c ∈ C. 
Equivalent conditions for [S
Hence we get the following. 
Then by Lemma 2.1, we have the following.
φ f ∈ M for every n ≥ 0, so that by the above we get
Then both functions 1 and φ(z) are contained in A. For ψ ∈ A and h ∈ N , we have
Then L is a closed subspace of
In the rest of this section, we assume that
By the definition of M θ , we have
Then we have [S z , S * w ] = 0, see [6] , and this is a contradiction.
We can write both operators Q φ and T * 
Proof. By Lemma 2.4,
Hence by Lemma 2.5, we get (i) ⇔ (ii).
If (ii) holds, then
Note that θ(z)H 2 and M are invariant subspaces of H 2 . Now we fix an inner function θ(z). Here we have a question for which φ(z) ∈ H
∞ (Γ z ) satisfies the above condition. In the next section, we study a similar question in the one variable Hardy space H 2 (Γ z ). In Section 4, we revisit on this question.
A theorem on the unit circle
In this section, we prove the following theorem.
if and only if φ(z) = cP N1 1 for some c ∈ C. In this case, if we define the operator
To prove the theorem, we need two lemmas which are not difficult to show.
Lemma 3.2. Let N be a backward shift invariant subspace of H
Proof of Theorem 3.1. By the Beurling theorem,
for some nonconstant inner function θ. First, suppose that
Since N 2 ̸ = {0}, by Lemma 3.2 there exists h 1 ∈ N 2 ∩ H ∞ (Γ z ) with h 1 (0) = 1. Write (3.1)
When h(0) = 0, we shall prove that
Since T
Similarly we have
Thus we get φ (
It is easy to see that
This completes the proof. □
The following corollaries follow from Corollary 3.4 directly.
The main theorem
As applications of the results in Sections 2 and 3, we prove the following. 
To prove the assertion, we assume that
for every c ∈ C. We shall prove that [S z , S * w ] = 0. This will be a desired contradiction. We consider two cases θ(0) = 0 and θ(0) ̸ = 0 separately. Case 1. Suppose that θ(0) = 0. If θ(z) = cz for some constant c with |c| = 1, then it is easy to see that
for either a nonconstant inner function q(w) or q(w) = 0. In this case, by [6] we have [S z , S * w ] = 0. So, we may assume that θ(z) = zθ 1 (z) for a nonconstant inner function θ 1 (z). Then
We divide the proof into two subcases.
By (4.4) and Corollary 3.6,
Hence there is a one variable inner function q(w) such that
. This is a contradiction. Hence q(w) is nonconstant. By (4.6) and (4.7), we get
For each nonnegative integer n, let
for every n ≥ 0. Thus we get (4.10) q(w) (
By (4.9),
Then 1 ∈ L ψ , and in the same way as Subcase 1.1, L ψ is a nonzero closed subspace of 
By [6] , this shows that [S z , S * w ] = 0. 
